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We analyze the properties of impurities immersed in a vortex lattice formed by ultracold bosons
in the mean field quantum Hall regime. In addition to the effects of a periodic lattice potential,
the impurity is dressed by collective modes with parabolic dispersion (Tkachenko modes). We
derive the effective polaron model, which contains a marginal impurity-phonon interaction. The
polaron spectral function exhibits a Lorentzian broadening for arbitrarily small wave vectors even
at zero temperature, in contrast with the result for optical or acoustic phonons. The unusually
strong damping of Tkachenko polarons could be detected experimentally using momentum-resolved
spectroscopy.
PACS numbers: 03.75.Kk, 67.85.De, 71.38.-k
The problem of a single particle propagating in a po-
larizable medium has been a subject of interest since
the early days of condensed matter physics and quan-
tum field theory [1]. The original motivation to study
the resulting quasiparticle, known as a polaron, was to
investigate the effects of the electron-phonon interaction
in transport properties of solids [2]. However, the con-
cept is readily generalized if one replaces electrons by mo-
bile impurities and lattice phonons by collective modes of
a dynamical background. Following this idea, ultracold
atoms have emerged as the new testing ground for po-
laron physics, with proposed experimental setups involv-
ing homogeneous Bose-Einstein condensates (BECs) [3],
dipolar molecules in self-assembled and optical lattices
[4, 5] and imbalanced Fermi gases [6]. In the fermionic
case, a particularly exciting result is the recent observa-
tion of long-lived repulsive polarons [7].
Cold atom realizations of polarons may give insight
into long-standing problems in many-body phenomena,
such as itinerant ferromagnetism [7]. Furthermore, they
raise questions about what types of particle-boson inter-
actions are possible and whether these interactions may
lead to deviations from standard polaronic behaviour.
For instance, it has been shown that a sharp transition
in ground state properties can occur in models where the
coupling depends on the particle momentum [5, 8]. Be-
sides more general couplings, one may wonder how po-
laron properties get modified if the dispersion relation
ωq of the collective mode differs from that of conven-
tional optical or acoustic phonons (in the former case,
ωq = const., as in the Holstein model [2]; in the latter,
ωq = vsq for q → 0, where vs is the sound velocity).
It is known that vortex lattices in rapidly rotating
two-dimensional BECs [9, 10] host collective modes with
quadratic dispersion ωq ∝ q2 in the long wavelength limit
[11, 12]. This contrasts with the linear spectrum of Bo-
goliubov phonons in homogeneous BECs [3]. The so-
called Tkachenko modes [13], although heavily damped,
have been detected experimentally in vortex arrays [14].
In this Letter we study a two-component mixture with
a large population imbalance, in which a diluted species
plays the role of a mobile impurity while the second, ma-
jority species is prepared in a vortex lattice state. In the
following we derive the effective impurity-phonon Hamil-
tonian that describes what we call a Tkachenko polaron.
We discuss how the model parameters depend on the
density of atoms and vortices as well as the intra- and
inter-species interaction strengths. In order to charac-
terize the properties of this new quasiparticle, we calcu-
late the spectral function A(k, ) in the weak coupling
(“large polaron”) limit by perturbation theory. In cold
atom systems, the spectral function can be measured by
momentum-resolved photoemission spectroscopy [7]. We
find that, in comparison with impurities dressed by opti-
cal or acoustic phonons, the Tkachenko polaron is distin-
guished by a Lorentzian quasiparticle peak with a finite
width for arbitrarily small k even at zero temperature.
Our main result is that the decay rate γk ∝ k2 scales
linearly with energy, a characteristic sign of marginal
interactions in the sense of the renormalization group
(RG) [15]. We then calculate the one-loop correction to
the effective impurity-phonon interaction and the mass
renormalization. It turns out that the impurity-phonon
interaction is marginally relevant, implying that the ef-
fective coupling grows as the energy scale decreases and
the Tkachenko polaron inevitably becomes heavy and
strongly damped in the long wavelength limit.
Consider a two-component mixture with repulsive con-
tact interactions as described by the Hamiltonian H =
HA +HB +Hint with
HA =
∫
d2r
[
ψˆ†A
(−i~∇−A)2
2mA
ψˆA +
gA
2
(ψˆ†AψˆA)
2
]
,
HB =
∫
d2r
[
ψˆ†B
(−i~∇)2
2mB
ψˆB +
gB
2
(ψˆ†BψˆB)
2
]
, (1)
Hint = gAB
∫
d2r ψˆ†AψˆAψˆ
†
BψˆB .
Here ψˆA,B(r) are bosonic field operators for majority (A)
and impurity (B) atoms with massesmA andmB , respec-
tively; gA, gB are the intra-species interaction strengths
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2and gAB is the inter-species interaction strength. The
interaction parameters can be tuned by Feshbach res-
onance. They are related to the three-dimensional s-
wave scattering lengths aj , for j = A,B,AB, by gj =
2
√
2pi~2aj/mj lj , where mAB = 2mAmB/(mA+mB) and
lj denotes the respective trap lengths in the direction
perpendicular to the plane. In addition, A(r) is an ar-
tificial vector potential [16] corresponding to an effective
uniform magnetic field B∗ that couples selectively to A
atoms. The reason for considering artificial gauge fields
instead of rotating traps is that we want to induce a
vortex lattice in the majority species in the laboratory
frame, while the impurity species maintains a nearly free
dispersion and interacts only weakly with the local den-
sity of A atoms. The creation of vortices in a BEC sub-
ject to an artificial magnetic field has been demonstrated
experimentally by Lin et al. [17]. In this experiment,
a spatially varying vector potential A(r) = −B∗yxˆ was
engineered via a detuning gradient of Raman beams, but
other schemes have also been proposed [16]. In our model
we are interested in the limit of a large number of vortices
NV  1 and neglect the effects of a trap potential. The
conditions for creating large vortex lattices with artificial
gauge fields have been discussed theoretically [16].
In the polaron problem, we focus on a single B
atom interacting with majority atoms with average two-
dimensional density nA = NA/S, where NA is the to-
tal number of atoms distributed over an area S. Let
us first analyze the state of the BEC of A atoms. We
denote by Ω = B∗/mA the cyclotron frequency associ-
ated with the effective magnetic field. In the regime of
weak interactions gAnA  ~Ω, i.e. the mean-field quan-
tum Hall regime [18, 19], the vortex array is described
by Gross-Pitaevskii theory. The mean field state corre-
sponds to condensation into a single-particle wave func-
tion in the lowest Landau level ϕA(r) ∝
∏
α(z−ζα). Here
z = (x + iy)/` is the complex coordinate in the (x, y)
plane normalized by the magnetic length ` =
√
~/mAΩ
and ζα are the positions of the vortices arranged in a tri-
angular Abrikosov lattice. The ratio between number of
atoms and number of vortices is given by the filling factor
ν = NA/NV = pinA`
2  1 [19].
The Tkachenko mode spectrum is calculated in the Bo-
goliubov approximation by expanding HA in Eq. (1)
about the Gross-Pitaevskii solution to second order in
the fluctuations. We write ψˆA(r) ≈ √nAϕA(r) + δψˆA(r)
with
δψˆA(r) =
1√S
∑
q∈BZ
[
uq(r)aq − vq(r)a†q
]
, (2)
where aq is the annihilation operator for the Tkachenko
mode with wave vector q defined in the Brillouin zone
of the triangular lattice and uq(r), vq(r) are solutions of
the projected Bogoliubov-de Gennes equations [19]. For
q  `−1, we can approximate uq(r) ≈ ϕA(r)c1qeiq·r and
vq(r) ≈ ϕA(r)c2qe−iq·r where c1q ≈
√
(χq/ω˜q + 1)/2,
c2q ≈
√
(χq/ω˜q − 1)/2, ω˜q ≈ α√η(q`)2, χq ≈
α[1− (q`)2 + (η + 1)(q`)4/2], with constants α ≈ 1.1592
and η ≈ 0.8219. The gapless collective modes (Goldstone
bosons of the broken rotational and translational symme-
try) have dispersion relation ~ωq ≈ ~2q2/2M . The ratio
between the atomic mass and the Tkachenko mode mass
is mA/M = 2α
√
η nAgA/~Ω  1. Going beyond the
Bogoliubov approximation, Matveenko and Shlyapnikov
[19] showed that nonlinear corrections give rise to Beliaev
damping of the Tkachenko modes. However, the damp-
ing rate is suppressed by a factor of 1/ν  1, thus the
Tkachenko mode is a well defined excitation in the mean
field quantum Hall regime.
Let us now turn to the interspecies interaction Hint in
Eq. (1). Expanding to first order in the fluctuation δψˆA,
we obtain Hint ≈ Hlat +Himp−ph. The first term,
Hlat =
∫
d2r V (r)ψˆ†B(r)ψˆB(r), (3)
with V (r) = nAgAB |ϕA(r)|2, accounts for the static lat-
tice potential of the Abrikosov lattice seen by the impu-
rities. This is analogous to the periodic potential pro-
duced by laser beams in optical lattices [20]. But here
the potential stems from the density-density interaction
gAB , which makes it energetically more favourable for B
atoms to be located near vortex cores, where the density
of A atoms vanishes. We can compare the recoil energy
ER = ~2/2mBξ2, where ξ is the vortex core size, with the
lattice potential depth V0 = nAgAB . In the mean field
quantum Hall regime, ξ ∼ ` [9], thus ER ∼ (mA/mB)~Ω.
The shallow lattice limit ER  V0 is more natural if
mA ∼ mB and gAB ∼ gA. In this work we shall focus on
shallow lattices and derive an effective continuum model.
However, the deep lattice limit can also be achieved by
selecting heavier impurity atoms and by increasing gAB .
The combination of the periodic potential (3) with the
kinetic energy in HB in Eq. (1) leads to Bloch bands
for the impurity. For weak interactions, we can project
into the lowest band and write ψˆB(r) ∼ 1√S
∑
k Φk(r)bk,
where Φk is a Bloch wave function and bk annihilates
a B atom with wave vector k in the Brillouin zone. In
the long wavelength limit, the lowest band dispersion be-
comes εk ≈ ~2k2/2m∗B , where m∗B is the effective impu-
rity mass. Hereafter we set m∗B = m to lighten the nota-
tion. It is interesting to compare m with the Tkachenko
mode mass M . If m ∼ mA, we expect m < M in the
mean field quantum Hall regime. However, the opposite
case m > M is also possible in the deep lattice limit as
discussed above.
The term generated by Hint to first order in δψˆA is the
impurity-phonon interaction. Using the mode expansion
in Eq. (2), we obtain
Himp−ph =
1√S
∑
k,q
gk,qb
†
k+qbk(aq + a
†
−q), (4)
3Figure 1. Lowest order Feynman diagrams. Left: impurity
self-energy. Right: vertex correction to the impurity-phonon
interaction. The solid and dashed lines represent free impurity
and Tkachenko mode (phonon) propagators, respectively.
where the impurity-phonon coupling reads
gk,q =
√
nAgAB(c1q − c2q)×
×
∫
sV
d2r
pi`2
Φ∗k+q(r)Φk(r)|ϕA(r)|2eiq·r. (5)
Using the lattice translational symmetry, we have re-
duced the integral in Eq. (5) to the unit cell sV oc-
cupied by a single vortex (with area pi`2). In the “large
polaron” regime [2] we take the continuum limit and ex-
pand Eq. (5) for k, q  `−1. The dependence on particle
momentum k disappears as the dominant effect in the
impurity-phonon interaction is the slow oscillation of the
potential [5]. As a result, the coupling simplifies to
gk,q ≈ gq = λq, (6)
where λ ≈ η1/4(ν/2pi)1/2gAB . The linear momentum de-
pendence in Eq. (6) stems from the small-q limit of
c1q−c2q. For comparison, the same factor yields gq ∝ √q
in homogeneous BECs [3, 21].
To analyze the effects of the impurity-phonon interac-
tion (4), we calculate the single-particle spectral function
at zero temperature
A(k, ) = − 1
pi
Im
[
1
− εk − Σ(k, )
]
. (7)
In the weak coupling limit, the lowest order diagram that
contributes to the retarded self-energy Σ(k, ) contains
one Tkachenko mode in the intermediate state as illus-
trated in Fig. 1. The imaginary part is given by
ImΣ(k, ) = −λ
2µ2
2~4
(
δ+
µ~2k2
m2
)
θ[− min(k)], (8)
where δ =  − ~2k2/2m, µ = mM/(m + M), θ(x)
is the Heaviside step function and min(k) is the lower
threshold of the spectral function imposed by kinematic
constraints. The perturbative result gives min(k) =
~2k2/2(m+M), which corresponds to the kinetic energy
of the center of mass for two particles with masses m and
M and total momentum ~k. If we go beyond second or-
der and allow for arbitrarily many Tkachenko modes in
the intermediate state, we find that min(k) → 0 for all
k. The real part of the self-energy reads
ReΣ(k, ) =
λ2µ2
pi~4
[
|δ| −
(
δ+
µ~2k2
m2
)
ln
∣∣∣∣ Λf(k, )
∣∣∣∣] ,
(9)
where Λ is a high-energy cutoff (∼ ER) and f(k, ) =
(µ~2k2/2m2)θ(δ)+[−min(k)]θ(−δ). We have omitted
in Eq. (9) a constant term of order Λ that amounts to a
non-universal shift in the polaron ground state energy.
Two remarks about Eqs. (8) and (9) are in or-
der. The first remark is that the impurity decay rate
γk ≈ −ImΣ(k, εk) ∝ k2 is nonzero for any k > 0. This
is a direct consequence of the quadratic dispersion of
Tkachenko modes, since there is always available phase
space for the decay of the single particle respecting energy
and momentum conservation (see Fig. 2). As a result,
polarons moving through the vortex lattice experience
a dissipative force. We stress that the Lorentzian line
shape with γk > 0 at zero temperature is not observed
for small-k particles coupled to acoustic phonons, since
in this case the impurity-phonon continuum lies entirely
above the energy of the single-particle state [22].
The second remark is that the scaling of the decay rate
γk ∼ k2 ∼ εk signals that the polaron is only marginally
coherent. This is consistent with the infrared logarith-
mic singularity in the real part ReΣ(k, εk) ∼ εk ln |Λ/εk|
for εk  Λ. Here marginal means that a simple scaling
analysis (at tree level [15]) predicts that the ratio be-
tween the decay rate and the quasiparticle energy does
not vary with momentum. That the impurity-phonon
interaction in Eq. (6) is marginal can be seen by writ-
ing down the partition function Z =
∫ DXDφ e−S[X,φ]/~
with the effective Euclidean action in the scaling limit
S =
∫
d2rdτ
[
M
2
(∂τφ)
2 +
~2
8M
(∇2φ)2
]
+
∫
dτ
[
m
2
(∂τX)
2 − λ˜~
2
µ
∇2φ(X)
]
. (10)
Here λ˜ = µλ/~2 is the dimensionless coupling constant,
X is the position vector of the impurity and φ(r) =∑
q(~/2SMωq)1/2(aq+a†−q)eiq·r is a real scalar field de-
fined from Tkachenko modes. The action in Eq. (10)
is invariant under the RG transformation [15] with scale
factor s > 1: r′ = s−1r, τ ′ = s−zτ , φ′ = φ, X′ = s−1X,
with dynamical exponent z = 2.
Having established that the impurity-phonon coupling
constant λ˜ is marginal, we proceed by calculating the
quantum correction to scaling. At one-loop level, the
renormalization of λ˜ is given by the vertex-correction di-
agram in Fig. 1. Integrating out high-energy modes, we
obtain the perturbative RG equation
dλ˜
d ln(Λ0/Λ)
=
λ˜3
pi
. (11)
4kx ky
"k, ~!k
Figure 2. (Color online.) Parabolic dispersion of impurity
atom (upper green surface) and Tkachenko mode (lower blue
surface) for mass ratio m/M < 1. The solid line represents
the states into which an impurity in the state marked by the
red dot can decay by emitting a Tkachenko mode respecting
energy and momentum conservation.
Likewise, the self-energy diagram yields the impurity
mass renormalization
dm
d ln(Λ0/Λ)
=
2λ˜2µ
pi
. (12)
Interestingly, similar RG equations occur in another two-
dimensional system, namely graphene with unscreened
Coulomb interactions [23]. But while in graphene the in-
teraction is marginally irrelevant, in our case Eqs. (11)
and (12) show that λ˜ flows to strong coupling and the
polaron mass increases. We interpret this result as a
sign that the “large polaron”, defined from a small value
of the bare coupling constant λ˜0, becomes surprisingly
heavy and strongly damped at small wave vectors. This
effect can be detected experimentally as an anomalous
broadening of the spectral function at small k and low
enough temperatures T  εk. The precise signature of
the marginally relevant interaction is the momentum de-
pendence of the relative width of the quasiparticle peak.
In the weak coupling regime e−pi/4λ˜
2
0  k` 1, the ratio
between the decay rate and the energy increases logarith-
mically with decreasing k (see Supplemental Material):
γk
εk
≈ λ˜
2
0
1 + r0
(
1 +
Cλ˜20
pi
ln
2m0Λ0
k2
)
, (13)
where C = (5 + r20)/(1 + r0)2 and r0 = m0/M is the bare
mass ratio.
So far we have neglected the Beliaev damping of
Tkachenko modes [19]. Within a perturbative approach
with a dressed phonon propagator, it is easy to verify
that a finite decay rate for Tkachenko modes leads to
further broadening of the polaron spectral function. Re-
markably, the scaling Γq ∝ q2 of the Tkachenko mode
decay rate suggests that the nonlinear (cubic) phonon
decay process considered in Ref. [19] is also marginal.
However, Γq/~ωq ∼ 1/ν, whereas for the polaron decay
rate γk/εk ∼ λ2 ∼ ν according to Eq. (6). Therefore, our
results are valid in the mean field quantum Hall regime,
where ν  1.
Finally, we would like to mention that, although we
have focused on the single-particle problem, it should
also be interesting to investigate the phase diagram of
Tkachenko polarons at finite densities. Furthermore, the
strong damping of atoms due to coupling to Tkachenko
modes may be useful for sympathetic cooling if we re-
gard the vortex lattice as a reservoir that can absorb en-
tropy and distribute it into long wavelength excitations
via multiple decay processes. In fact, the soft parabolic
dispersion of Tkachenko modes allows one to circumvent
the kinematic constraints that hinder cooling by intra-
band transitions in the case of acoustic phonons in ho-
mogeneous BECs [21].
In conclusion, we have shown that impurities moving
in a vortex lattice are strongly damped due to coupling
to collective modes with parabolic dispersion. We de-
rived the effective impurity-phonon model, which at weak
coupling is equivalent to a quantum field theory with a
marginally relevant interaction. As a result, we predict
that Tkachenko polarons exhibit an unconventional de-
cay rate that increases logarithmically with decreasing
wave vector.
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Supplemental Material
Impurity-phonon interaction for shallow lattice potential
In the following we set ~ = 1. When we substitute the expansion for the field operator ψˆA(r) ≈ √nAϕA(r)+δψˆA(r)
in Hint in Eq. (1) of the main text, the first-order term in the fluctuation δψˆA gives the impurity-phonon interaction
Himp−ph =
√
nAgAB
∫
d2r
(
ϕAδψˆ
†
Aψˆ
†
BψˆB + ϕ
∗
AδψˆAψˆ
†
BψˆB
)
. (14)
For δψˆA, we utilize the mode expansion in Eq. (2) of the main text. The functions uq(r) and vq(r) are obtained
following the derivation by Matveenko and Shlyapnikov [19]. We take the continuum limit q` 1 in Eqs. (22), (23)
and (27) of Ref. [19], which leads to the simplified spatial dependence uq(r), vq(r) ∝ ϕA(r). In addition, we rescale
the momentum q→ 2q in the definition of the annihilation operators aq = a˜2q. We then obtain
Himp−ph =
gAB
√
nA√S
∑
q
∫
d2r |ϕA(r)|2 eiq.r (c1q − c2q) (aq + a†−q) ψˆ†B(r) ψˆB(r). (15)
We expand the field operator ψˆB in terms of the lowest band Bloch function Φk(r), which obeys Φk(r + R) =
Φk(r)eik·R. Thus
Himp−ph =
gAB
√
nA
S3/2
∑
q,k,k′
(c1q − c2q) (aq + a†−q)
∫
d2r |ϕA(r)|2 eiq·rΦ∗k′(r)Φk(r). (16)
Next, we use the facts that the local density of majority atoms |ϕA(r)|2 is periodic under lattice translations and
that Φk(r) is a Bloch function in order to reduce the integral over the entire system to the integral over a single unit
cell sV :∫
d2r |ϕA(r)|2 ei(k+q−k′)·rΦ∗k′(r)Φk(r) =
∑
j
∫
sV
d2r′ |ϕA(r′ +Rj)|2 eiq·(r′+Rj)Φ∗k′(r′ +Rj)Φk(r′ +Rj)
=
∫
sV
d2r′ |ϕA(r′)|2 eiq·r′Φ∗k′(r′)Φk(r′)
∑
j
ei(k+q−k
′)·Rj
= NV δk′,k+q
∫
sV
d2r′ |ϕA(r′)|2eiq·r′Φ∗k+q(r′)Φk(r′). (17)
Thus we can rewrite Eq. (16) as
Himp−ph =
gAB
√
nA√S
∑
k,q
Ik,q (c1q − c2q) (aq + a†−q) b†k+q bk, (18)
where (using NV /S = 1/pi`2)
Ik,q =
∫
sV
d2r′
pi`2
|ϕA(r′)|2eiq·r′Φ∗k+q(r′)Φk(r′). (19)
In the regime of weak interactions and shallow lattice potential, we approximate the Bloch functions for small k by
plane waves (nearly free impurities), Φk(r) ≈ eik·r. In this case,
Ik,q ≈
∫
sV
d2r′
pi`2
|ϕA(r′)|2 = 1, (20)
6where we used the normalization of the ground state wave function nA
∫
d2r |ϕA(r)|2 = NA. Therefore the dependence
on impurity momentum k disappears in the continuum limit. Corrections to Eq. (20) are higher order in momentum
or interaction strength.
Finally, the expansion c1q − c2q ≈ 1√2 η1/4 (q `) for q` 1 provides the final expression
Himp−ph =
1√S
η1/4gAB
√
nA`√
2
∑
k,q
q(aq + a
†
−q) b
†
k+q bk, (21)
Comparing with Eq. (4) of the main text and substituting nA`2 = ν/pi, we identify the impurity-phonon coupling in
the “large polaron” regime
gq =
1√
2pi
η1/4gAB ν
1/2 q.
Effective action for a single impurity
We start from the Hamiltonian in second quantization H = Hph +Himp +Himp−ph,
Hph =
∑
q
q2
2M
a†qaq, (22)
Himp =
∑
k
k2
2m
b†kbk, (23)
Himp−ph =
λ√S
∑
k,q
qb†k+qbk(aq + a
†
−q). (24)
Switching to first quantization in the Hilbert space of a single impurity, we can write
Himp =
P2
2m
, (25)
where P is the impurity momentum operator. Moreover,
Himp−ph =
λ√S
∑
q
q(aq + a
†
−q)
∑
k
|k+ q〉〈k|. (26)
The operator acting on the impurity Hilbert space in Eq. (26) is recognized as
∑
k |k+q〉〈k| = eiq·X, where X is the
impurity position operator. Thus we can write (denoting ωq = q2/2M)
Himp−ph =
λ√S
∑
q
q(aq + a
†
−q)e
iq·X,
=
λ√S
∑
q
q2√
2Mωq
(aq + a
†
−q)e
iq·X
= −λ∇2φ(X), (27)
where we define the dimensionless scalar field from Tkachenko modes
φ(r) =
∑
q
1√
2SMωq
(aq + a
†
−q)e
iq·r. (28)
We also introduce the momentum canonically conjugate to φ(r)
Π(r) = −i
∑
q
√
Mωq
2S (aq − a
†
−q)e
iq·r, (29)
7so that [φ(r),Π(r′)] = iδ(r− r′). The free phonon Hamiltonian can be cast in the field theory form
Hph =
1
2M
∫
d2r
[
Π2 +
1
4
(∇2φ)2
]
+ const. (30)
Therefore the Hamiltonian for a single impurity coupled to the Tkachenko field reads
H =
P2
2M
+
1
2M
∫
d2r
[
Π2 +
1
4
(∇2φ)2
]
− λ˜
µ
∇2φ(X), (31)
where λ˜ = µλ, with µ = mM/(m+M), is the dimensionless coupling constant.
We now switch to a functional integral formalism. A particular configuration of the system at time τ is specified
by X(τ), φ(r, τ). We write Z =
∫ DXDφ e−S[X,φ]. The Euclidean action corresponding to Hamiltonian (31) is
S =
∫
d2rdτ
[
M
2
(∂τφ)
2 +
1
8M
(∇2φ)2
]
+
∫
dτ
[
m
2
(∂τX)
2 − λ˜
µ
∇2φ(X)
]
. (32)
Perturbative renormalization group
In order to derive perturbative RG equations [15], we will need the noninteracting Green’s functions for impurity
and phonon operators:
G(k, iω) = −
∫
dτ eiωτ 〈Tτ bk(τ)b†k(0)〉0 =
1
iω − εk , (33)
D(q, iν) = −
∫
dτ eiντ 〈Tτ [aq(τ) + a†−q(τ)][a†q(0) + a−q(0)]〉0 = −
2ωq
ν2 + ω2q
. (34)
Interaction vertex
We define the effective coupling constant λeff from the three-point function as follows:
Γ(k,k′,q;ω, ω′, ν) =
∫
dτdτ ′dτ ′′ eiωτeiω
′τ ′eiντ
′′〈b†k(τ)bk′(τ ′)[a†q(τ ′′) + a−q(τ ′′)]e−
∫
dτ Himp−ph(τ)〉0
=
1√S λeffqδk′,k+q2piδ(ω
′ − ω − ν)G(k, iω)G(k′, iω′)D(q, iν). (35)
To first order in the interaction, we obtain
Γ(1) = − λ√S
∑
p1,q1
q1
∫
dτ1dτdτ
′dτ ′′ eiωτeiω
′τ ′eiντ
′′〈b†k(τ)bk′(τ ′)b†p1+q1(τ1)bp(τ1)〉0
×〈[a†q(τ ′′) + a−q(τ ′′)][aq1(τ1) + a†−q1(τ1)]〉0
=
1√S λqδk′,k+q
∫
dτ1dτdτ
′dτ ′′ eiωτeiω
′τ ′eiντ
′′
G(k, τ1 − τ)G(k′, τ ′ − τ1)D(q, τ1 − τ ′′)
=
1√S λqδk′,k+q2piδ(ω
′ − ω − ν)G(k, iω)G(k′, iω′)D(q, iν). (36)
8Therefore, to first order λeff = λ. We are interested in the logarithmic correction to λeff when we integrate out
high-energy modes. At third order (see diagram in Fig. 1 of the main text), we obtain
Γ(3) = − λ
3
3!S3/2
∑
p1,q1
q1
∑
p2,q2
q2
∑
p3,q3
q3
∫
dτ1dτ2dτ3dτdτ
′dτ ′′ ×
×〈b†k(τ)bk′(τ ′)b†p1+q1(τ1)bp1(τ1)b†p2+q2(τ2)bp2(τ2)b†p3+q3(τ3)bp3(τ3)〉0
×〈[a†q(τ ′′) + a−q(τ ′′)][aq1(τ1) + a†−q1(τ1)][aq2(τ2) + a†−q2(τ2)][aq3(τ3) + a†−q3(τ3)]〉0
= − λ
3
S3/2 qδk′,k+q2piδ(ω
′ − ω − ν)G(k, iω)G(k′, iω′)D(q, iν)
×
∑
q1
q21
∫
dν1
2pi
G(k+ q1, iω + iν1)G(k+ q+ q1, iω + iν + iν1)D(q1, iν1). (37)
Comparing with Eq. (35), we note that
δλ(3) = −λ3
∫
d2q1
(2pi)2
q21
∫
dν1
2pi
G(k+ q1, iω + iν1)G(k+ q+ q1, iω + iν + iν1)D(q1, iν1)
= −λ3
∫
d2q1
(2pi)2
q21
∫
dν1
2pi
1
(iω + iν1 − εk+q1)(iω + iν1 + iν − εk+q+q1)
(
1
iν1 − ωq1
− 1
iν1 + ωq1
)
. (38)
The integration over ν1 (closing the contour in the upper half of the complex plane) yields
δλ(3) = λ3
∫
d2q1
(2pi)2
q21
(iω − ωq1 − εk+q1)(iω − ωq1 + iν − εk+q+q1)
. (39)
We choose the fast modes to lie in the momentum shell K′ < q1 < K. The external momenta and frequencies (for
the latter, we perform the analytic continuation iω → ω, iν → ν) are taken to be slow, such that k, q  q1 and
ω, ν  ωq1 , εq1 . Thus
δλ(3) = λ3
∫
d2q1
(2pi)2
q21
(ωq1 + εq1)
2
=
2µ2λ3
pi
∫ K
K′
dq1
q1
=
2µ2λ3
pi
ln
K
K′ . (40)
We introduce the cutoff scales with dimensions of energy Λ = K2/2µ, Λ′ = (K′)2/2µ; in this notation,
δλ(3) =
µ2λ3
pi
ln
Λ
Λ′
.
Considering an infinitesimal reduction of the cutoff, Λ′ = Λe−dl with dl  1, we obtain the RG equation for the
effective coupling constant
dλ
dl
=
µ2λ3
pi
. (41)
In terms of the dimensionless coupling constant λ˜ = µλ, we can write
dλ˜
dl
=
λ˜3
pi
. (42)
The β function in Eq. (42) implies that λ˜ flows to strong coupling. The solution for the renormalized coupling
constant is
λ˜2(Λ) =
λ˜20
1− (2λ˜20/pi) ln(Λ0/Λ)
, (43)
where λ0 = λ(Λ0) is the bare coupling constant. The perturbative result breaks down at energy scale Λ ∼ Λ0e−pi/2λ˜20 .
In terms of impurity momentum, the strong coupling regime sets in below k ∼ `−1e−pi/4λ˜20 . For small λ˜0 it may be
difficult to observe the full crossover to strong coupling in a finite size vortex lattice since the length scale above which
λ˜(Λ) becomes of order 1 is exponentially large. The line shape of the spectral function at the strong coupling fixed
point is an open problem.
9Anomalous broadening
The retarded single-particle Green’s function for small k and  can be cast in the standard form
G(k, ) = [− εk − ReΣ(k, )− iImΣ(k, )]−1
≈ Zk
− ε∗k + iγ∗k
. (44)
At energy scales Λ  Λ0e−pi/2λ20 , we can apply RG improved perturbation theory and replace the bare coupling
constants in the lowest order result for the self-energy by the renormalized coupling constants. We are interested in
the logarithmically divergent terms that govern the renormalization of the quasiparticle weight Zk, of the coupling
constant λ and of the effective mass in the dispersion ε∗k. These infrared singularities stem from differentiating the
prefactor of the logarithm in the real part of the self-energy (Eq. (9) of the main text) with respect to  and k. First,
we compute the field renormalization [15]
Z−1k = 1−
(
∂ReΣ
∂
)∣∣∣∣
0
≈ 1 + λ˜
2
pi
ln
(
Λ
εk
)
. (45)
Therefore the quasiparticle weight Zk decreases logarithmically as k decreases in the weak coupling regime.
Let us denote by m0 the bare mass (i.e. without logarithmic corrections). The effective mass m∗ in ε∗k ≈ k2/2m∗
is related to the self-energy by
m0
m∗
= Zk
[
1 +m0
(
∂2Σ
∂k2
)∣∣∣∣
0
]
. (46)
To order λ2 we obtain
m∗
m0
≈ 1−
(
∂Σ
∂
)∣∣∣∣
0
−m0
(
∂2Σ
∂k2
)∣∣∣∣
0
(47)
which gives
m∗ ≈ m0 + 2λ˜
2µ
pi
ln
(
Λ
εk
)
. (48)
Defining the dimensionless mass parameter m˜ by m∗ = m˜µ, we obtain
m˜∗ ≈ m˜0 + 2λ˜
2
pi
ln
(
Λ
εk
)
. (49)
This is equivalent to the RG equation under an infinitesimal reduction of the cutoff Λ→ Λ′e−dl
dm˜
dl
=
2λ˜2
pi
. (50)
The decay rate in Eq. (44) is given by
γ∗k = −ZkImΣ(k, ε∗k). (51)
The lowest order result for the imaginary part of the self-energy (Eq. (8) of the main text) can be written as
ImΣ(k, εk) ≈ − λ
2
0m0M
3k2
2(m0 +M)3
. (52)
The logarithmic singularities in ImΣ appear at fourth order in perturbation theory. They stem from both vertex
corrections (renormalization of λ˜) and self-energy corrections in the internal impurity line (renormalization of m˜). We
obtain the RG improved decay rate by replacing λ0 and m0 in Eq. (52) by λ and m, in addition to including the
10
field renormalization as in Eq. (51). The ratio between the renormalized decay rate and the renormalized dispersion
becomes
γ∗k
ε∗k
=
λ2Zk(m
∗)2M3
(m∗ +M)3
≈ λ
2
0m
2
0
(1 +m0/M)3
[
1 +
λ20m
2
0(5 +m
2
0/M
2)
pi(1 +m0/M)4
ln
Λ
εk
]
, (53)
where we expanded to first order in the logarithmic correction. The coefficient of the logarithmic correction is positive
for any value of mass ratio r0 = m0/M , thus the relative width γk/εk of the quasiparticle peak increases with
decreasing k.
